Abstract-Photonic microwave generation is studied theoretically in a single-transverse mode VCSEL subject to parallel optical injection. We focus on the dependence of microwave power and frequency on the frequency detuning. We find that, for a fixed injection power, the microwave power at the fundamental frequency is maximum for two different values of the frequency detuning. These results agree qualitatively with those found in recent experiments using optically injected VCSELs. The two maximum microwave powers appear because of the out-of-phase excitation with small amplitudes of both linear polarizations of the VCSEL for frequency detuning between the values at which the two maxima appear.
M
ICROWAVE photonics has attracted considerable attention recently because of the large demand in radioover-fiber (RoF) links. By distributing microwave signals over long distances through fibers, the optical carrier of the modulated microwaves has many advantages, such as low cost, high speed, low microwave phase noise, optical singlesideband (SSB) modulation, low power consumption and less system integration complexity [1] . Among the currently used photonic microwave generation techniques, for example, direct modulation [2] , optical heterodyne technique [3] , external modulation [4] , mode-locked semiconductor laser [5] , optoelectronic oscillator (OEO) [6] and period one (P1) [7] - [8] , the P1 technique stands out due to having many superior properties [7] . An injected laser in P1 oscillation state can generate a broadly tunable microwave signal frequency far exceeding its relaxation resonance frequency without any microwave input. Also, other advantages of microwave generation based on P1 include SSB modulation realization [7] and low cost due to the all-optical components configuration. Photonic microwave generation based on P1 in distributed feedback (DFB) lasers achieving 100 GHz microwave frequency have been reported [8] . Such research interests have also extended to a costefficient type of laser: vertical-cavity surface-emitting lasers (VCSELs) [9] - [11] . Besides the low production cost, VCSELs also offer desirable characteristics, for instance, low threshold current, circular output-beam profile, single-longitudinal mode operation, wafer-scale integrability and longevity. A widely continuously tunable photonic microwave generation based on P1 in an optical injection VCSEL has been demonstrated recently [11] . In [11] , two local maximum microwave powers at the two detuning frequencies at a fixed injection power for the higher injection power region have been observed, which has not been shown in DFB lasers and QD lasers. To our knowledge, this phenomenon has not been explained yet.
In this letter, we numerically simulate the photonic microwave generation based on P1 in a VCSEL subject to parallel optical injection. In order to gain insight on the role played by the VCSEL polarization on the dynamics, we perform simulations for VCSELs with low and high values of the linear dichroism. The results show that the reduction of power between the two maximum microwave powers at the fixed injection power is due to the excitation of both linear polarizations with small amplitudes and with out-of-phase dynamics.
Our theoretical analysis is based on the spin-flip model that describes the dynamical evolution of the polarization modes of a single-transverse mode VCSEL, complemented with an optical injection term. The model and parameters are detailed in [12] . The main laser parameters are the field decay rate, 33 ns −1 , the linewidth enhancement factor, 2.8, the decay rate of the population inversion, 2.08 ns −1 , and the linear dichroism γ a = −0.21 ns −1 . These parameters have been extracted in [13] and [14] for a VCSEL that is similar to that used in the experiments of [11] . These VCSELs are commercial devices (Raycan) emitting at 1550-nm wavelength. We consider also in our simulations the specific characteristics of the laser in [11] with respect to the laser in [12] : for large bias currents the VCSEL in [11] emits in a linear polarization (x) with a frequency that is 5.1 GHz higher than that of the orthogonal polarization (y), so we take in our model the linear birefringence parameter γ p = −16 ns −1 corresponding to this situation. As in [11] we consider parallel optical injection in which the direction of the linearly polarized optical injection coincides with that of the linear polarization (x) in which the free-running VCSEL emits. In our calculations we fix the bias current to a value similar to that of [11] , that is 6.5 times threshold, and the amplitude of the field of the injected light, E inj = 1. Fig. 1 (a) displays the microwave power as a function of the frequency detuning, defined as the difference between the frequency of the injected light and the frequency of the free-running x-polarization mode [12] . This is the microwave power at the fundamental frequency that corresponds to the total power emitted in both linear polarizations. Two maximum microwave powers are observed at frequency detunings of 1.5 and 6 GHz. A trough is observed at 3.45 GHz. In the range of detuning of 2-5 GHz, both polarizations are excited, but they are not in phase, as we will show later on. This situation is similar to that illustrated in Fig. 5 of [11] at large values of the injection power.
We also plot in Fig. 1(b) the generated microwave frequency as a function of the frequency detuning. A similar trend to that shown in Fig. 3(a) of [11] is obtained. The microwave frequency obtained for frequency detunings smaller than 5 GHz is close to the theoretical value of the relaxation oscillation frequency, 5.45 GHz. A linear increase, with a slope of 0.9, is observed for frequency detunings larger than 5 GHz. P1 oscillation state for the total power is observed in the points shown in Fig.1 . Injection locking in the x-polarization mode is observed for frequency detunings smaller than 0.5 GHz. So close to this value a Hopf bifurcation is assumed to occur because P1 dynamics in the x-polarization with frequency close to the relaxation oscillation frequency is observed. P1 oscillation in the x-polarization is maintained up to a frequency detuning of 1.5 GHz. Above this value the microwave power decreases with the frequency detuning as shown in Fig. 1(a) . This happens because the y-polarization mode also becomes excited with P1 dynamics. This situation is illustrated in Fig. 2 in which the optical and RF spectra are plotted for a frequency detuning of 2.5 GHz. The optical spectrum is the field power spectrum. This is calculated from the Fast Fourier Transform of the complex electrical field of the i -linear polarization mode, E i [12] . The RF spectrum is the power spectrum corresponding to |E i | 2 . Fig. 2(a) shows that both polarizations are excited with periodic dynamics. Each of these polarizations produces independently a RF signal (at 5.6 GHz in Fig. 2(b) ) because that is the frequency separation between consecutive peaks in the optical spectrum of each polarization (5.6 GHz in Fig. 2(a) ). Lines also appear in the RF spectrum corresponding to harmonics of the fundamental frequency. Additional weaker lines appear due to the weaker lines observed in the optical spectrum.
Excitation of P1 oscillations in both polarization modes is observed up to 6 GHz, that is the frequency detuning value at which the second maximum in the microwave power is obtained. This is shown in Fig. 3 in which maxima of RF spectra for both polarizations are plotted as a function of the frequency detuning. For frequency detunings larger than 6 GHz the VCSEL only emits in the x-polarization. In this range the microwave power (frequency) decreases (increases) with the frequency detuning as it was shown analytically in [15] in which single-mode optically injected semiconductor lasers for microwave generation were studied. This is in agreement with our results for the total power shown in Fig. 1 .
The P1 dynamics in both linear polarizations illustrated in Fig. 2 has been experimentally observed in [16] . This dynamics, termed as P1-both, was observed for a VCSEL with a much higher value of the birefringence, γ p = 103.1 ns −1 . Our results are in agreement with the experiments because the frequencies of the oscillations in the P1-both state are close to the relaxation oscillation frequency [16] .
In order to confirm that the two-peaked structure in Fig. 1(a) is caused by the excitation of both linear polarizations we repeat our simulations for a VCSEL with a much larger value of the linear dichroism. In Figs. 1-3 we considered the value γ a = −0.21 ns −1 , similar to that used in [12] . Fig. 4 and Fig. 5 show the results obtained for γ a = −5 ns −1 . We have chosen this large value of γ a in order to assure single polarization mode emission in all the frequency detuning range. Fig. 4(a) shows that there is only one maximum microwave power, as expected for the single-mode case [15] , that is obtained for a frequency detuning close to 3 GHz. Fig. 4(b) shows that the microwave frequency increases linearly for frequency detunings larger than 4 GHz and with similar values to those shown in Fig. 1(b) , as expected because in both cases there is single-polarization mode emission. This linearly polarized emission is illustrated for a value of the frequency detuning of 2.5 GHz in Fig. 5 . In this figure optical and RF spectrum for both linear polarizations are shown. Fig. 4 (b) also shows that for frequency detunings smaller than 4 GHz the microwave frequency decreases with the detuning. This decrease is also observed in Fig. 1(b) while the VCSEL is emitting in a single-polarization (frequency detuning smaller than 1.5 GHz). However, in the frequency detuning range between 1.5 and 4 GHz, results in Fig. 4(b) are different to those in Fig. 1(b) because the emission in the P1-both state is characterized by a microwave frequency close to the relaxation oscillation frequency.
We finally analyze the time traces of the power of both linear polarizations for the cases shown in Fig.5 and Fig. 2 , that is for single and two-polarization mode emission. Fig. 6(a) and Fig. 6(b) show the power emitted in both linear polarizations for γ a = −5 ns −1 and −0.21 ns −1 , respectively. Fig. 6(a) shows that almost all the power is emitted in the x-polarization, so the total power and the x-polarized power coincide. The amplitude (frequency) of the oscillation of the total power is larger (smaller) for the single-mode case, in agreement with results shown in Fig. 1 and Fig. 4 . Fig. 6(b) shows that oscillations of the power in both polarizations are not in phase. Also the amplitude of the power oscillations of both polarizations is less than half that in the single-mode case.
Hence adding both powers in order to get the total power results in oscillations of the total power with smaller amplitude than for the single-mode case. In this way the decrease in the microwave power observed in Fig. 1 when there is two-polarization emission appears because of the combination of the polarizations being out of phase and the amplitude of the power oscillations of both polarizations being less than half that in the single-mode case. Our results are in agreement with previous experiments because out-of-phase dynamics was observed in the experimental time series corresponding to P1-both (see Fig. 3(f) and Fig. 4(d) in [16] ).
In conclusion, we have made a theoretical study of the photonic microwave generation based on period-one dynamics of long-wavelength single-transverse mode VCSELs subject to parallel optical injection. We have focused our attention on the microwave power and frequency corresponding to the total power emitted in both linear polarizations of the VCSEL. We have obtained a dependence on the frequency detuning similar to that experimentally found [11] . The microwave signal can be broadly tunable through the adjustment of the frequency detuning. We have shown that for a fixed injection power, the microwave power at the fundamental frequency is maximum for two different values of the frequency detuning, in agreement with [11] . This two-peaked structure is due to the excitation of both linear polarizations of the VCSEL at frequency detunings between the values at which the two maxima appear. We have found that this period-one dynamics appears with a frequency close to the relaxation oscillation frequency and with out-of-phase dynamics between the power of both linear polarizations, in agreement with recent experiments [16] . The combination of the decrease of the amplitude of the power oscillations of both polarizations and the outof-phase dynamics is responsible for the decrease of the microwave power that appears when the VCSEL emits in both linear polarizations.
